
1

y,
r
flect
Linking Real Activity and Financial Markets:

 BEAM model1

Céline Gauthier and Fu Chun Li2

First Version: July 2002

This version: December  2003

Abstract

A small monthly macroeconometric model of the Canadian economy built
around three cointegrating relationships linking financial and real variables is
estimated over the 1975-2002 period. One of the cointegrating relationships
allows the identification of a supply shock as the only shock affecting
permanently the stock market and a demand shock leading to important
transitory stock market overvaluation. We also suggest a monetary policy
reaction function using the estimated impact over time of the typical permanent
inflation shock to modify the historical reaction function in such a way to
eliminate any forecast persistent deviation from target. In-sample simulations
over the last ten years suggest that following BEAM’s advice would have cut by
more than half the root-mean squared deviation of inflation from target over the
period. A technical innovation of the paper consists in showing under which
conditions permanent shocks can be identified in a VECM with exogenous
variables.
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1. Introduction

The most famous macroeconomic model aggregates all financial markets into only

the market for money and the market for everything else. This allows summarizing asset m

equilibrium in a single LM curve but hides the needed structure to achieve a good understa

of how monetary policy, financial markets and the real economy are interrelated. Some imp

theoritical contributions linking the real and financial sectors have been made since Hicks fa

exposition of the Keynesian system (Tobin [1969] and Blanchard [1981] being among the

well known). But the recent stock market collapse and the subsequent loosening of moneta

icy toward historically low levels of interest rates emphasized the lack of empirical “financ

models to guide monetary policy makers in such circumstances.

Over the past two decades, there has been a growing interest in developing tra

empirical macroeconomic models with transparent theoretical foundations, but few have foc

on financial market behaviours. Our aim is to contribute in filling this gap. As written in Gar

Pesaran and Shin (2001), there are two main theoretical approaches to the derivation of lon

steady state relations of a core macroeconomic model. One possibility is to start with the

temporal optimization problems faced by “representative” agents and solve for the long-run

tions. The strength of this approach lies in the explicit identification of macroeconomic di

bances as innovations (shocks) to processes generating tastes and technology. Howeve

achieved at the expense of often strong assumptions concerning the form of the underlying

and production functions. Consequently, despite the enormous progress recently seen in th

literature, there is still a lot of work to be done before a general equilibrium model incorporat

a satisfying way the real, nominal, and financial sectors of the economy. An alternative app

is to work directly with the arbitrage conditions which provide inter-temporal links betw

prices and assets returns in the economy as a whole. This latter approach, by focussing o

run theory restrictions and leaving the short-run dynamics largely unrestricted (in the contex

VECM model), provides a much more flexible modelling strategy.

We propose a small model for Canada combining Garrattet al. (2001)’s approach with

King, Plosser, Stock and Watson (1991)’s methodology allowing the identification of perma

shocks in a cointegrated system. Crowder, Hoffman and Rasche (1999), Dhar, Pain and T

(2000), Jacobson, Jansson, Vredin and Warne (2001), and Cassola and Morana (2002) al

thatroute,respectively for the U.S., the U.K., Sweden and Europe, and show the degree of “s
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ture” that may be assigned to a simple VAR framework characterized by cointegration if

embraces sufficient identifying restrictions. Following Dharet al.(2000) and Cassola and Moran

(2002), we focus on the interactions between different marketable asset values and the rea

omy. One technical contribution of this paper is to include exogenous variables and to

under which conditions Kinget al. (1991)’s identification procedure can be applied to a VEC

with weakly exogenous I(1) variables.

The building blocks of our model consist in three cointegrating relations: (1) a mo

market equilibrium relation, (2) an arbitrage relation between short- and long-term bonds,

long-run relation between the stock market and real output. This last relation allows the ide

cation of a supply shock as the only shock affecting permanently the stock market and a de

shock leading to important transitory stock market overvaluation.

A weakness of most models that purport to describe the transmission mechanism is

failure to pass the simple test of generating a different steady-state rate of inflation in respo

a series of monetary policy actions.3 Such models with an unique steady state rate of inflation

very difficult to reconcile with the unit-root test results found in the empirical literature.4 In this

paper, we identify permanent shocks causing inflation to reach a new steady state rate of

as the only shocks having a permanent impact on the level of inflation. We then suggest a

tary policy reaction function consisting in reversing any identified nominal shock causing i

tion to permanently deviate from the target.

Our paper is organised as follows. The theoretical foundations of the model are pres

in Section 2. The cointegration analysis and specification tests’ results are given in Sect

Section 4 presents the econometric formulation of the core model. Section 5 analyses the im

response functions. Section 6 proposes a monetary policy reaction function. A conclusio

lows.

2. The theoretical foundations of the model

In this section, we describe the long-run relations used as building blocks of our m

We “loosely” base our core model on Blanchard (1981) who develops a simple model o

3. More details on this point are made in Selody (2001).
4. This is also a very difficult issue as inflation is expected to become stationary, or at least more stable, in

successful inflation targeting environment.
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determination of output, the stock market and the term structure of interest rates. The mode

extension of the IS-LM model. However, whereas the IS-LM model emphasizes the intera

between “the interest rate” and output, Blanchard’s model emphasizes the interactions be

output and four marketable asset values. These are shares which are titles to the physical

private short and long-term bonds issued and held by individuals, and money.

Linking the real economy and the stock market We assume that there are two main dete

minants of spending.5 The first is the value of shares in the stock market. It may affect spend

directly through the wealth effect on consumers, or indirectly through its impact on the borro

capacity of consumers and investors (the credit channel effect); determining the value of c

in place relative to its replacement costs, it affects investment (see James Tobin). The sec

current income which may affect spending independently of wealth if consumers are liqu

constrained.   Total spending is expressed as:

(1)

All variables are real, denotes spending, is the stock market value, is income.6 We can

see equation (1) as a forward-looking aggregate spending curve with being a functi

expected actualised future profits, the latter being a function of expected future output. H

aggregate spending is implicitly a negative function of actual and expected interest rates

positive function of  actual and future expected output. Output adjusts to spending over tim

(2)

where a dot denotes a time derivative. Since output growth is a stationary variable and the le

output and the stock market price are both I(1) variables, equation (2) can be seen as an err

rection equation linking positively the short-run dynamics of output to deviations of the s

market from the real economy. Such a long-run relation between output and the stock m

implies that transitory changes in output cannot permanently affect the level of the stock ma

5. Blanchard also includes a balanced budget change in public spending as a third determinant of total
spending.

6. No stochastic error term are included in this section to simplify the presentation.

dt αsmt βyt α 0 β 0>;>;+=

d sm y

sm

yt
˙ σ dt yt–( ) σ αsmt byt–( ) σ 0 b 1 β–≡;>;= =
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Money market equilibrium Portfolio balance is characterized by a long-run  relation

between money, output, interest rate and inflation:

(3)

where denotes the short-term nominal rate, is real income, and denote the logar

of nominal money and the price level and is the level of inflation. The parameterc is positive

because an increase in output shifts the money demand for transactions purpose upw

increase in interest rate and an increase in inflation both increases the opportunity cost of h

money which decreases real balance. Given all the variables in equation (3) are better cha

ized as I(1) variables, if deviations of real money from its determinants are transitory, then

equation represents a cointegrating relationship.

Arbitrage between short- and long-term bonds The expectations hypothesis is perhaps t

best known and most intuitive theory of the term structure of interest rates. If is the nom

yield to maturity of a discount bound and is the period-t one-period rate, the expecta

hypothesis in the absence of uncertainty implies that

(4)

This is an arbitrage condition ensuring that the holding-period yield on the n-period bond is

to the yield from holding a sequence of one-period bonds. Taking logs of both sides and rec

that  for smallx,  yields a common approximation:

(5)

The long-term yield is equal to the average of one-period yields. Hence, a permanent shock

short-term yield will, in the long-run, be reflected one-for-one on the long-term yield, once

shock is correctly perceived as permanent by the financial markets. Cointegration between

and long term interest rates is thus a necessary condition for the expectation hypothesis to

Mt pt– cyt hit βπt– c 0 h 0 β 0>;>;>;–=

i y M p

π

lr t

i t

1 lr t+( )n
1 i t i++( )

i 0=

n 1–

∏=

1 x+( ) x∼ln
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1
n
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3. Cointegration analysis

We estimate a monthly VECM over the 1975-2002 period with 6 endogenous and 1 e

enous variables and 2 lags7. The endogenous variables are the following Canadian variables:

GDP at basic prices8, the over 10-year marketable bond rate, the overnight rate9, a broad money

aggregate ( real CPI deflated M2++ ), the real stock market price (the TSE 300 divided by

inflation) and the CPI year over year inflation rate. M2++ includes mutual funds, whose im

tance has increased continuously in consumer portfolios over the nineties, and are relative

uid. Using a broad aggregate like M2++ in the model avoids interpreting a precautionary por

adjustment from mutual funds to money as inflationary.10 Given the strong economic links

between Canada and the U.S. we incorporate as an exogenous variable the real US indust

duction index, an available monthly proxy for U.S. activity. This allows simulation of differ

U.S. scenarios. Unit-root tests indicate that all variables can be treated as I(1) variables.11 We add

a dummy equalling one from 1993 onward and zero before to capture the change in the tr

inflation apparent after the adoption of the inflation target in 1991. We are aware of the poss

that inflation might have become stationnary since the adoption of an inflation targeting regi

1991. However, the evidence on that point is not clear-cut. Cogley and Sargent (2001)

argued that there has been a downward shift in the degree of persistence in the inflation pro

the US. Others (see Stock, 2001) have countered that the statistical evidence in favour of

break is weak. But even if there was no doubt that inflation has become stationary, the treat

of variables whose degree of integration changes over the estimated sample is still unk

Moreover, Coenen (2002) and Angeloni, Coenen and Smets (2003) show that when there is

tainty about inflation persistence, it is better for monetary policy-makers to work on the ass

tion that the economy is characterized by a high degree of inflation persistence.

7. Two lags minimizes the Hannan-Quinn and Schwartz information criterias and are sufficient to remove
the correlation in residuals. We use monthly datas because the Bank of Canada has adopted a fixed ac
date schedule eight times a year.  Other specification tests will be included in another working-paper
together with the forecasting performance of the model.

8. This series has been merged with real gdp at factor cost for the period 1975-1980.
9. As noticed in Selody (2001), a good monetary policy instrument must be under the direct or close contro

of the central bank.
10.Moreover, Longworth (2003) finds  that since 1992 both core inflation and M2++ have been remarkab

stable.
11.Unit root tests results are available upon request.
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Based on the theoretical foundations of the core model described in the above sectio

expect to find three cointegrating relations in the estimated VECM [as described by equatio

(3) and (5)]. The cointegration tests corrected for the presence of one exogenous variable,

posed by Pesaran, Shin and Smith (2000), are presented in Table 1. Both the L-max and the

tests indicates the presence of 2 cointegration vectors but the L-max test marginally reject 

presence of a third cointegrating vector, which would support oura priori  expectations.

1. The critical values corrected for the presence of one exogenous variable are taken from Table
T.3 in Pesaranet al. (2000).

Given the borderline results of our cointegration tests, we looked at the t-values of t

coefficients for the third vector, as suggested in Hendry and Juselius (2001); when the

small, say less than 3.0, then one would not loose greatly by excluding that vector as a coin

tion relation in the model. Given that some of these t-values are greater than 3.0 for all thre

tors and that our theoretical model also suggests three vectors, we proceed under the ass

that there are three cointegrating vectors in our model.

The Johansen (1992) procedure allows us to identify the number of cointegrating ve

However, in the case of existence of multiple cointegrating vectors, an interesting problem a

and are only determined up to the space spanned by them. Thus for any non-singular

 comformable by product:

In other words, and are two observationally equivalent bases of the cointegrating s

The obvious implication is that before solving such an identification problem no meaningful

Table 1: Cointegration Tests1

L-max Trace H0:r= L-max (.10) Trace (.10)

63.12 151.48 0 40.2 104.4

46.36 88.36 1 34.1 76.9

26.84 42.00 2 28.3 54.8

10.39 16.17 3 22.2 35.9

2.97 5.78 4 15.9 20.8

2.81 2.81 5 9.5 9.5

α

α β

ζ

Π αβ' αζζ 1– β' .= =

β β'ζ
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nomic interpretation of coefficients in cointegrating space can be proposed. The solution is im

ing a sufficient number of restrictions on parameters such that the matrix satisfying

restrictions in the cointegration space is unique. Such a criterion is derived in Johansen (199

discussed in Hamilton (1994). We base our restrictions on Blanchard’s model which su

more than a sufficient number of constraints to the cointegration space. The over-identific

restrictions can therefore be tested. The results  are  in Table 2.

The restricted core model is easily accepted with a p-value of 0.72. In comparison, Det

al. (1999) did not find a significant core model while Cassola and Morana just slightly acce

theirs with a p-value of 0.11. Our results are consistent with the theoretical foundations pres

in Section 2. The first cointegrating relation corresponds to the money market equilibrium

second to an approximation of the pure expectations hypothesis based on an arbitrage r

between short and long term bonds, while the third relation links real activity with the real s

market. The coefficients of the cointegrating relation cannot usually be interpreted as elast

even if the variables are in logs, since a shock to one variable implies a shock to all variab

the long run. Hence the coefficients do not in general allow for aceteris paribusinterpretation

(see Lutkepohl [1994]). Interpreting the coefficients in the first cointegrating relation is

meaningless. However, given the last two cointegrating relations involve only two variables

do not need theceteris paribusinterpretation. The second long-run relation specifies that a per

nent 1% increase in the overnight rate is associated with the equivalent increase in the lo

interest rate. This is consistent with a stationnary term spread and the expectation hypoth

the term structure of interest rates. The third cointegrating relation suggests that a 1% perm

Table 2: Testing restrictions on the cointegrating vectorsa

a. Standard errors are given within parentheses.

The LR test, , p-value = 0.72

y onr m sm lr

2.41
(.27)

-1.18
(.08)

2.41
(.27)

1 0 0 0

0 0 1 0 0 -1 0

0 -1 0 0 1 0 0

χ2
10( ) 7.02=

inf y
us
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increase in output (or a 1% increase in potential output) is associated with a permane

increase in the stock market. Given the ratio of the TSX to output has been hoovering aro

constant value for most of the last 25 years, unit coefficients in this cointegration relationsh

not surprising. Interestingly, this last relation also implies that transitory changes in real o

can only lead to transitory changes in the level of the stock market. The second and third c

grating vector are similar to those found in Cassola and Morana (2002). However, they fo

Fisher relation which was impossible to find over our sample, and their money demand rel

ship includes only the level of real output which is not standard.

The economy is in a long-run equilibrium when those three cointegrating relationship

respected, that is when there is no gap between money, output, inflation and the overnight r

no money gap), the overnight rate is equal to the long rate, up to an unidentified constan

interest rate gap), and the stock market level is consistent with potential output (no stock m

gap).12

Chart 1 illustrates the money gap simply defined as the error-correction term from

money demand cointegrating relationship.13 The two surges in inflation, in 1981 and 1991, we

preceeded by increasing money gap around 2 years before. It is also interesting to notice tha

the Bank of Canada has adopted explicit inflation target in 1991, the money gap has been

more stable, deviating only slightly from equilibrium and for short periods of time in 1995

2000. This is in line with the results in Longworth (2003) who reports that since 1992 both

inflation and M2++ have been remarkably stable.

The stock market gap defined as the error-correction term of the third cointegration

tionship (Chart 2) illustrates periods of “mis-valuation” of the stock market and/or correct an

pation by the stock market of the direction of output going forward. The transitory and perma

components of the variables have to be identified in order to discriminate between those two

is done below.

5. Shock analysis

The impact of a change in U.S. industrial production The response functions to a perma

nent increase of 1 percent in U.S. industrial production are shown in Chart 4. Small inflation

12.Notice there are constant terms in the three cointegrating vectors.
13. Gaps based on permanent components of the variables will be presented  in section 6 below.
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sures are generated as output is boosted by almost .2 percent on impact. Interest ra

increased by around 25 basis points to keep demand in line with short-run supply. The Can

stock market is temporarily hurt by the higher interest rate. It nevertheless increases by .1

cent in the long-run, in line with the permanent increase in output.14 Broad aggregate money is

negatively affected in the short-run by the slight increases in inflation and real interest rates

output is significantly affected in the long-run.

Identification of the permanent shocks Given the presence of three cointegrating vecto

and 6 endogenous variables, there are three stochastic trends or permanent shocks to be id

Appendix A shows that KPSW’s identification methodology can be used provided the exoge

variable does not cointegrate with the endogenous variables. The first permanent shoc

labeled an inflation shock, is the only shock having a permanent impact on inflation. Acco

to the “monetarist” view, the long-run money growth and inflation rate are ultimately set ex

nously by monetary authorities. So the inflation shock relates to central bank monetary pol

positive inflation shock reflects the central bank’s decision to permanently increase the infl

rate. Hence, the structural inflation shock is identified by assuming that the long-run syste

the following recursive structure:

Note that is the long-run response of the th endogenous variable to the element

vector of structural disturbances . The restrictions and mean that onl

inflation shock, , affects the long-run level of inflation. The mainstream view would pre

that the decision to change inflation permanently has no permanent impact on real variabl

14. US industrial production represents about 15% of US total GDP. Under the assumption that a permane
increase of 1% in US industrial production translate in an increase of .15% in US total GDP,  our resul
suggest that a .15% increase in US GDP is associated with an increase of about .12% of Canadian GD

επt

inf t s+

yt s+

onrt s+

mt S+

smt S+

lr t S+

s ∞→
lim

τ11 0 0

τ21 τ22 0

τ31 τ32 τ33

τ41 τ42 τ43

τ51 τ52 τ53

τ61 τ62 τ63

επt

εyt

εdt

⋅=

τij i j

εt τ12 0= τ13 0=

επt
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thus that . However economic theory provides no clear-cut predictions on

question. In several theoritical models, the superneutrality result due to Sidrausky (1967) b

down as inflation can have either positive or negative effects on real variables suc

consumption and investment, depending on the exact assumptions concerning prefe

Additionally, in these models the real interest rate may or may not be independent of inflati

the long-run (see Orphanides and Solow (1999) for a survey). Some recent empirical resul

for example Rapach [2003] and Gauthier, Pelgrin and Schweisguth [2003]) find support t

Mundell-Tobin effect suggesting that an unexpected increase in inflation has a perm

negative impact on real interest rate. We let the data talk on this point by leaving unconstr

the parameters in .

Most theoretical models define supply shocks as being governed by technology innov

determining the technical capacity of the economy. We thus identify a supply shock as a

allowed to have a permanent effect on output but not on inflation. The long run effects on a

other real variables are left unconstrained. Notice that all shocks are allowed to impact a

variables in the short-run. In particular, a supply shock is expected to decrease inflation

short-run.

The third structural shock is a shock having no permanent impact neither on output n

inflation. This shock is labelled a demand shock. Our interpretation of disturbances

permanent effects as supply disturbances, and of disturbances with transitory effects as d

disturbances is motivated by a traditional Keynesian view of fluctuations (see Blanchard

Quah (1989) for a simple model which delivers those implications).

The inflation shock A positive inflation shock reflects the central bank’s decision to p

manently increase the inflation rate.15 Given the instrument used by the central bank, this c

only be achieved by decreasing the overnight rate. Chart 5 shows that our results are con

with this view. To achieve a typical unexpected inflation increase of around .3 percent in the

run, the central bank has to decrease the overnight rate by about 25 basis points. Given the

tations hypothesis of the term structure in our core model, the long rate is persistently dep

15.Such a shock can always be reversed by a negative inflation shock of the same size, if the central ban
decides to do so.

τ21 τ41 τ51 0=

τ21 τ31 τ41 τ51 τ61
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as well. The bank’s intervention leads to a small output stimulus in the short-run. The shock

hurts significantly the stock market and decreasesreal broad aggregate money in the short run.

The permanent significant negative effect of inflation on interest rates may be expl

through the Mundell effect: Anunexpectedincrease in inflation decreases real wealth, whi

increases savings. Real interest rates must then fall to restore goods market equilibrium

averse agents prefer to smooth consumption and thus savings, which implies a higherpathof sav-

ings and persistently lower real interest rates. This is consistent with the long-run growth t

models in which any permanent increase in the share of output going into investment (or sa

is associated with permanently lower real interest rates. Our results are also in line with the

to increase persistently the interest rate in disinflation periods and in the first years of infl

targeting in order to gain credibility. Rapach (2003) also finds that an unexpected perm

increase in inflation is associated with permanently lower long-run real interest rates in

industrialized country of a sample of 14, including Canada, Germany, France and Italy.16 This

contradicts Cassola and Morana (2002) in which an unexpected increase in inflation inc

interest rates in the long-run. Their result may be driven by the absence of shift in the determ

tic trend of nominal variables that would have taken into account the more stable inflation o

nineties. That period of stable inflation is then interpreted as a period dominated by positive

tion shocks (relative to the negative trend estimated over the full sample) which are asso

with higher nominal interest rates over the period. Since the nineties represents half of thei

ple, it might very well have distorted their results.

When inflation is forecast to deviate permanently from the actual target of 2 percen

historical estimated reaction function (the equation for the overnight rate) may be adjusted

the estimated impact over time of the typical permanent inflation shock in such a way to elim

the expected long-run deviation from target. This is the basics of the reaction function prop

in section 6.

The supply shock The typical supply shock increases the productive capacity of

economy by around .9% in the long-run. Inflation is pushed downward in the short-run as

16. Notice that a permanent inflation shock represents anunexpected  persistent deviation of inflation from
its deterministic trend. This source of increase in inflation is associated in the long-run with a decrease
interest rates. That, of course, does not mean thatexpected changes in inflation have the same effect on
interest rates.
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duction costs are decreased (see Chart 6) but goes back to its initial level in the long-run. Th

tral bank has, over the sample, accomodated the shock by decreasing interest rates to elimi

excess supply in the good market and bring inflation back to target.17 Interstingly, interest rates

are not affected in the long-run. This is consistent with the model of Ramsey in which the int

rate is determined by the rate of time preferences and technology determines the level of

such that marginal product of capital is equal to the interest rate. The stock market leads

and overshoots somewhat. Broad money is higher in the short-run because of the accom

stance of monetary policy and remains higher in the long run because of both higher m

demand for transaction purposes and higher real value of the stock market. These results a

lar to Cassola and Morana (2003) except that in their model output decreases in the sho

which is kind of a puzzle.

A demand shock18 The demand shock increases inflation, output and the stock ma

in the short-run. Short and long interest rates increase in the short-run as expected. This

seen as the result of a standard textbook open market operation with a disinflationary obj

When inflation and output turn out to be higher than expected, an inflation targeting central

has to increase interest rates. It is interesting to notice that since a demand shock has no

nent impact on output, the important stock market surge in the first months following the s

slowly dissipates as investors realise that higher profits cannot be sustained without a perm

increase in productivity.

The permanent positive impact on the overnight rate implies that the so-called de

shock induces, on average, a higher equilibrium interest rate. According to the model of Ra

this would correspond to a rate of time preference shock. Furthermore, as predicted by the

run theory of growth models, any shock that lowers persistently the share of product going

investment is associated with higher real interest rate in the long-run. Kinget al. (1991) estimate

a significant cointegration relationship linking negatively the ratio of investment over output

the real interest rate in the U.S. and identify what they call a “real interest rate shock” with l

run properties very similar to our “demand” shock. They also identify what they call a “balan

17. In some SDGE models with adjustment costs on capital (see Neiss and Nelson [2001],  page 23 for a
example), productivity shocks would decrease theneutral rate in the short run. This provides further
incentives to decrease the actual interest rate after a productivity shock.

18. Other demand shocks having only transitory effects may also be identified.
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growth” shock which is very similar to our supply shock, increasing output permanently w

leaving the ratios of investment and consumption over output and the real interest rate and l

inflation unchanged in the long-run. For example, a fiscal shock crowding out investment pe

ently would be associated with persistently higher interest rates.

Output gap An output gap is easily obtained from our model as the difference betw

actual output and the historical contribution of permanent shocks on output (determining pot

output). Potential output and the output gap are graphed in Chart 8 and 9 respectively. Acc

to these results, the Canadian economy was in excess demand before both the 1982 and t

recessions and was in excess supply for most of the nineties. The gap was closed at the

1999 and the economy turned in excess demand for the following two years. The econom

back in excess supply (though close to zero) at the end of 2002. These results are largely c

ent with the estimations done at the Bank of Canada with other methodologies. What m

more surprising is the period over which supply shocks contributed to increase output p

nently. Chart 8 suggests that it started around 1985 and last until 1996, the year Greensp

talks of irrational exuberance. From 1996 until the end of 2000 and the strong stock marke

rection, the economy was demand-driven and potential would have been growing at a rate

then the deterministic rate.19 This result, in line with Dueker and Nelson (2002) and the latest e

nomic developments, casts some doubts on the purported New Economy in the second hal

nineties.

The deterministic shift in output in 1993 implies a quite different stock market gap t

the one simply defined above as the error-correction term of the third cointegrating relation

Actually, with a definition of the stock market gap based on permanent component of the

bles, the Canadian stock market would have been overvalued by around 20% in 1999 an

undervalued by almost 20% at the end of 2002. This is consistent with the observed incre

19. It shoud be noticed however that a shift in the deterministic trend in output is estimated in 1993. Henc
the growth of potential in the second half of the nineties is lower compared with a relatively higher
growth in trend. Depending on our judgment on the source of this shift, the story can be completely dif
ferent. If the higher deterministic output growth is attributed to supply shocks, then potential outpu
would have increased continuously in the nineties and the Canadian economy would currently be in co
siderable excess supply. Nevertheless, given the deterministic nature of this shift and the recent econom
developments, we proceed under the assumption that this change in trend should be considered
demand-driven implying that potential output and the output gap are well approximated by Charts 8 an
9. The fact that potential has been below the higher growth trend for the last seven years is also an in
cation that the higher trend should be seen as transitory.
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the TSX since then. These results are in line with Dupuis, Tessier (2003) who estimate a

variables VECM linking the U.S. stock market to dividends and long-term interest rate.

6.  BEAM’s proposed reaction function
When inflation is forecast to deviate permanently from the target, the central bank’s reaction

differ from the historical estimated reaction function (the equation for the overnight rate) in o

to prevent the unwanted deviation. Only permanent shocks to inflation can reverse a perm

deviation from target. We thus simply propose to simulate the impact of the necessary perm

inflation shock on the overnight rate and adjust the future path of the overnight rate accord

For example, if the difference between the long-run forecast of inflation and the target is 1%

know from the long-run matrix in Table 3 that an inflation shock of size -(1/0.32) times the typi-

cal inflation shock will bring inflation back to the target. We also know the overnight ra

response to such a shock, so we can adjust the forecast reaction function accordingly.

One might question the impact on BEAM’s reaction function of assuming inflation non sta

nary in the actual inflation-targeting environment, which has rendered inflation at least mor

ble. Since BEAM’s reaction function is based on an average degree of persistence of inflatio

an average level of credibility of the Bank of Canada over the sample, it should be seen as

aggressive than what is probably needed in the actual environment. Nevertheless, Coenen

and Angeloni, Coenen and Smets (2003) show that when there is uncertainty about inflatio

sistence, it is better for monetary policy-makers to work on the assumption that the econo

characterized by a high degree of inflation persistence. We next analyse the overnight rate

Table 3: Long-run impact of permanent shocks ( )

inf 0.32 0 0

y -0.05 0.89 0

onr -0.24 0.01 0.25

m -0.26 1.03 -0.61

sm -0.05 0.89 0

lr -0.24 0.01 0.25

Γ 1( )

επ εy εd
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recommendations that would have came out from BEAM’s reaction function in an out-of-sa

exercise at the end of 2002 and the end of 2001 and in an in-sample simulation over the ni

Out-of-sample simulations at the end of 2002 and 2001At the end of 2002, inflation was

at 3.8% and the overnight rate was 2.75% ( -1% in real terms). According to the stock marke

money gaps based on the estimated permanent components (Chart 10 and 11 respective

stock market was undervalued by almost 20% at the time, and the stock of broad money wa

tle lower than its long-run equilibrium. BEAM forecasts that inflation would increase furthe

the long-run (see Chart 13). This forecast is easily explained by the fact that the surge in infl

at the end of 2002 was seen as permanent (see the estimated transitory component of infl

Chart 12). BEAM’s reaction function adjusting the implicit estimated reaction function to b

back forecast inflation to 2% would have suggested at the time an increase in the real ove

rate of about 100 basis points in the short-run and a long-run nominal overnight rate of 3.2%

Chart 14). The low level of the neutral rate must be interpret as the need for a quite sustained

ulative monetary stance.

At the end of 2001, the situation was quite different: the short rate was at 2.25% and infl

at 0.7% (a real rate of 1.5%). The stock market was about fair valued and broad money a lit

high. Chart 15 shows that the model forecasts that inflation would slowly increase towar

lower band of the inflation target at 1.2%. BEAM’s adjusted reaction function (see chart 16)

gests the real overnight rate should be decreased by around 50 basis points in the short-

inflation to reach 2% in the medium term. BEAM’s reaction function also suggest that the l

run neutral nominal interest rate was around 3.4% at the end of 2001. It is interesting to notic

BEAM’s recommendations are quite similar with the Bank’s view at both points in time.

In-sample simulations Finally, we did an in-sample simulation exercice to study wh

BEAM’s recommendations would have been over the last 10 years. In the simulation, the mo

shocked every period to bring back inflation to target according to BEAM’s forecast and resp

functions of the identified nominal shock. BEAM would have make recommendations not th

from what the bank of Canada did (see Chart 17). There would have been noticeable diffe

in 1994 where BEAM would have suggested to be less aggressive and in 2001 where B

would have proposed a faster and more aggressive tightening. However, despite the simila
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est rate paths, the differences in stance would have been sufficient to diminish by more tha

the deviation of inflation from 2 percent over the period.

7.  Conclusion
We have estimated a small monthly VECM to study the interactions between the rea

financial sectors of the Canadian economy. To take into account the high degree of econom

gration between Canada and the U.S., the U.S. industrial production index has been inclu

an exogenous variable. Identification of permanent shocks in a VECM with exogenous var

represents a technical  contribution to the literature.

Our principal results are: (1) The identification of a long-run relation between the stock

ket and real output which allows the identification of a supply shock as the only shock affe

permanently the stock market and a demand shock leading to important transitory stock m

overvaluation. (2) The money gap defined as the error-correction term from the first cointeg

relation has been much more stable since the adoption of inflation-targets in Canada. (3) O

sample simulations based on BEAM’s reaction function at the end of 2001 and 2002 lead to

night rate recommendations similar to the Bank of Canada’s decisions at the time. Howev

sample simulations over the last ten years suggest that following BEAM’s advice would hav

by more than half the root-mean squared deviation of inflation from target.

An important question is the impact on BEAM’s reaction function of assuming inflation

stationnary in the actual inflation-targeting environment, which has rendered inflation at

more stable. Since BEAM’s reaction function is based on an average degree of persiste

inflation and an average level of credibility of the Bank of Canada over the sample, it shou

seen as more aggressive than what is probably needed in the actual environment. Never

Coenen (2002) and Angeloni, Coenen and Smets (2003) show that when there is unce

about inflation persistence, it is better for monetary policy-makers to work on the assumptio

the economy is characterized by a high degree of inflation persistence.

Another remaining question is what determine interest rates in the long-run. Are the so c

great ratios coming from the long-run growth theory the main determinant? This is left for fu

research.

The model could possibly be used to build a financial condition index for Canada usin

stock market and money gaps from the core model together with the deviation of actual real
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est rate from the neutral interest rate recommended by the proposed reaction function. This

could eventually be completed with the deviation of the Canadian exchange rate from equili

provided in Gauthier and Tessier (2002) and tested against those proposed in Gauthier, G

and Liu (2003). This is left for future research.

Appendix A:   Identification of permanent shocks in a model with exogenous
variables.

In a non-cointegrated VAR model, the structural shocks’ identification procedure (Blanchard

Quah [1989] for example) is clearly invariant to the presence or not of exogenous variables

model. However, in presence of cointegration, this is not obvious as the common stochastic

must be consistent with the cointegrating relations which possibly include exogenous vari

Wickens and Motto (2001) has shown how to identify the shocks when the following restric

are made: the variables can be classified as endogenous or exogenous, there are as man

grating relations as endogenous variables, the cointegrated vectors are identified and they

at least one exogenous variable. In Wickens and Motto (2001) the complete model need

estimated. In this section, we show how Kinget al. (1991)’s identification procedure can b

applied to a VECM with weakly exogenous I(1) variables restricted not to be in the cointegr

relations.

Consider a structural model of the form:

                                                                         (4

where is a vector of serially uncorrelated disturbances independent of

(being a linear combination of ), and where the endogenous variables’ response to a cha

the exogenous variables is given by .

The identifying procedure documented in Kinget al. (1991) is based on the infinite moving

average (MA) form obtained by inverting the estimated VECM. This inversion cannot be dire

made because of the presence of cointegration. An easier way to invert a VECM than those

monly suggested in the literature (see Yang [1998] for example) is proposed in Appendix B

inverted reduced form model obtained is:

                                                                          (5

∆yt µ Cx L( )∆xt Γ L( )ηt+ +=

ηt IN 0 Ωη,( )∼ n 1× ∆xt

ut

Cx L( )

∆yt µ Cx L( )∆xt C L( )ut+ +=
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where all the parameters are defined in Appendix A. Notice that, since is independent o

 is independent of .

The identifying problem consist in identifying the individual components in from the e

mated reduced form model given by (5) and can be described as follows. There are

identifiable common stochastic trends driving the vector where .20 We

express where the loading matrix , and the matrix of cointegrat

vector are each full column rank and identified up to an arbitrary non-singular matr21

Partition comformably with as where and are respectively a

, and partition the vector of structural disturbances into two components,

where contains the disturbances that have permanent effects on the components of

where  contains  elements that have only temporary effects.

Partition the matrix of long-run multipliers, , comformably with as

where is the matrix of long-run multipliers for and is a matrix of zer

corresponding to the long-run multipliers of .

Assumption 3.1

Under Assumption 3.1 being stationnary implies that is stationnary, which imp

. So under Assumption 3.1, the matrix of long-run multipliers is determined by

condition that its columns are orthogonal to , and represents the innovations in the

run components of . While the cointegration restrictions identify the permanent innova

20.We implicitly make the assumption that is strictly positive. Wickens (1996) has shown that if

, then the full model has to be estimated and the common stochastic trends can be equat
with the non-stationary component of the exogenous variables.

21.That is,  for any  non-singular matrix .

ut ext

ut ∆xt

ηt

s n r–=

n 1× yt r Rank Πy[ ]=

s

rank Π( ) n=

Πy αyβ'= n r× αy m r×

β r r×

αyK
1–( ) Kβ'( ) αyβ'( )= r r( , ) K

β zt β βy' βx'( , )'= βy βx n r×

k r× ηt ηt
1' ηt

2'
( , )'

ηt
1

s yt

ηt
2

n s–

Γ 1( ) ηt Γ 1( ) Θ 0,[ ]=

Θ n s× ηt
1 0 n n s–( )×

ηt
2

βx' 0=

β'zt β'yyt

βy'Γ 1( ) 0=

βy' Θηt
1

yt



20

o

 lagged

s

s a

with

ks, ,

From

be
, they fail to identify because for any non-singular matrix . T

identify the individual elements of , we need the following identifying restrictions:

Assumption 3.2.  where  exists.

Under assumption 3.2, the structural disturbances are in the space spanned by current and

values of  and that there are no singularities in the structural model.

Assumption 3.3. is assumed triangular which permits writing where i

a  matrix with no unknown parameters whose columns are orthogonal to , and  i

 lower triangular matrix with full rank and 1’s on the diagonal.22

The covariance matrix of the structural disturbances is partitioned comformably

 and is assumed to be

Assumption 3.4.  where  is diagonal.

That is, the permanent shocks, , are assumed to be uncorrelated with the transitory shoc

and the permanent shocks are assumed to be mutually uncorrelated.

The permanent innovations, , can be determined from the reduced form (7) as follows.

equations (7) and (8) and Assumption 3.2, and . Let

any solution of . Thus, and . Let

22.The diagonal elements of are normalised to unity without loss of generality, since the variances of

in Assumption 4.3 are unrestricted.

Θηt
1 ηt

1 Θηt
1 ΘP( ) P

1– ηt
1( )= P

ηt
1

ut Γ0ηt= Γ0
1–

zt

Θ Γ 1( ) Θ̃Π 0,[ ]= Θ̃

n s× βy' Π

s s×

Π ηt
1

ηt ηt
1' ηt

2'
( , )'=

Ωη
Ω

η1 0

0 Ω
η2

= Ω
η1

ηt
1 ηt

2

ηt
1

C L( ) Γ L( )Γ0
1–

= C 1( ) Γ 1( )Γ0
1–

= D

C 1( ) Θ̃D= Θ̃Dut Θ̃Πηt
1

= DΩuD′ ΠΩ
η1Π′=
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. Since is a triangular matrix, and is diagonal, there is

unique solution for and . We can thus identify the permanent shocks

Defining , it is then easy to show that the dynamic multipliers associated with

.

Appendix B.  A simple way to invert a VECM with exogenous variables.

The identifying procedure documented in Kinget al. (1991) is based on the infinite mov

ing average (MA) form obtained by inverting the estimated VECM. This inversion canno

directly made because of the presence of cointegration. In this section, we propose an eas

to invert a VECM than those commonly suggested in the literature (see Yang [1998] for exam

By partitionning and conformably with as and

, where and are and and are constant coeffici

matrices, we can rewrite (3) as:

                                                  (A1)

where , , for , ,

,  for  and .

We then write (4) as the following VARX(1):

(A2)

where , and

are matrices. Matrices and , respectively of dimensi

Π chol DΩuD′( ) ΠΩ
η1

1 2⁄
= = Π Ω

η1

Π Ω
η1 ηt

1 Π 1– Dut=

G Π 1–
D= ηt

1

C L( )ΩuG'Ω
η1
1–

Πy Ψi zt yt' xt',( )'= Πy Πy
y
' Πy

x
'( , )'=

Ψi ψ i
y
' ψ i

x
'( , )'= Πy

y ψ i
y

n n× Πy
x ψ i

x
n k×

yt c B0xt Ai yt i–
i 1=

p

∑ Bi xt i– ut+
i 1=

p

∑+ + +=

B0 Λ= B1 Λ Πy
x

– ψ1
y

–( )–= Bi ψ i
x ψ i 1–

x
–( )= i 2 … p 1–, ,= Bp ψp 1–

x
–=

A1 ψ1
y Πy

I n+ +( )= Ai ψ i
y ψ i 1–

y
–( )= i 2 … p 1–, ,= Ap ψp 1–

y
–=

yt C Ayt 1– Bxt Ut+ + +=

yt yt' y't 1– … y't p– 1+ xt' x't 1– … x't p– 1+, , , , , , ,( )'≡ Ut ut' 0 0 … 0, , , ,( )'≡

c c' 0 0 … 0, , , ,( )'≡ mp 1× A B
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and , are defined accordingly to and following Luktepohl (p.335). Assu

ing that the process starts at a finite time , it is straightforward to obtain the inve

form:23

(A3)

Taking the first difference of (A3), assuming for simplicity that , an

extracting the endogenous variables with the appropriate matrix ,

get:

(A4)

where , , ,

for  and .
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CHART 4. Responses to a permanent increase in U.S. industrial production1

1. The confidence bands are calculated by non-parametric bootstrap.
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CHART  5. Impulse responses to an inflation shock
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CHART  6. Impulse responses to a supply shock
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CHART  7. Impulse response to a demand shock
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CHART 12. Transitory component of inflation
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